Abstract. In this paper we work in o-minimal structures with definable Skolem functions and show that a continuous definable map between Hausdorff locally definably compact definable spaces is definably proper if and only if it is proper morphism in the category of definable spaces. We give several other characterizations of definably proper including one involving the existence of limits of definable types. We also prove the basic properties of definably proper maps and the invariance of definably proper in elementary extensions and o-minimal expansions.
Introduction
Let M = (M, <, . . .) be an arbitrary o-minimal structure. In this paper we show that a continuous definable map between Hausdorff locally definably compact definable spaces is definably proper if and only if it is a proper morphism in the category of definable spaces (i.e. it is separated and universally closed in the category of definable spaces). We give several other characterizations of definably proper including one involving the existence of limits of definable types. We also prove the basic properties of definably proper maps and the invariance of definably proper in elementary extensions and o-minimal expansions.
In the authors recent work on the formalism of the six Grothendieck operations on o-minimal sheaves ( [13] and [14] ) we require the basic theory of morphisms proper in the category of o-minimal spectral spaces similar to the theory of proper morphisms in semi-algebraic geometry ([6, Section 9]) (and also in algebraic geometry [20, Chapter II, Section 4] or [19, Chapter II, Section 5.4] ). This paper provides such a theory by giving, under the suitable conditions mentioned above, a category theory characterization of definably proper maps (as separated and universally closed morphisms in the category of definable spaces) and by proving the basic properties of such morphisms.
The formalism of the six Grothendieck operations on o-minimal sheaves ( [13] and [14] ) provides the cohomological ingredients required for the computation of the subgroup of m-torsion points of a definably compact, abelian definable group G -extending the main result of [10] which was proved in o-minimal expansions of ordered fields using the o-minimal singular (co)homology. This result is enough to settle Pillay's conjecture for definably compact definable groups ( [27] and [23] )in arbitrary o-minimal structures. See [9] . Pillay's conjecture is a non-standard analogue of Hilbert's 5 o problem for locally compact topological groups, roughly it says that after taking the quotient by a "small subgroup" (a smallest type-definable subgroup of bounded index) the quotient when equipped with the the so called logic topology is a compact real Lie group of the same dimension.
Let Def denote the category of definable spaces and continuous definable maps. From the category theory definition of morphisms proper in Def one obtains as in [19 In Theorem 3.12 we prove a definable curves criterion for definably proper extending what was know in the affine case in o-minimal expansions of ordered groups ( [7, Chapter 6 , Lemma (4.5)]). From this criterion we obtain the corresponding list of the most useful properties of definably proper maps in Corollary 3.13.
However we need to relate the notion of proper in Def and the notion of definably proper. This is achieved in Theorem 3.15 where we show that if M has definable Skolem functions, then for Hausdorff locally definably compact definable spaces proper in Def is the same as definably proper.
Under the assumption that M has definable Skolem functions, we prove that definable compactness of Hausdorff definable spaces can be characterized by the existence of limits of definable types (Theorem 2.23), extending a remark by Hrushovski and Loeser ( [22] ) in the affine case, and, in Theorem 3.18 we prove a corresponding characterization of definably proper maps between Hausdorff locally definably compact definable spaces which, when transferred to morphisms proper in the category of o-minimal spectral spaces, is the analogue of the valuative criterion for properness in algebraic geometry ( [20, Chapter II, Theorem 4.7] ). As it is known, in o-minimal structures with definable Skolem functions, definable types correspond to valuations ( [24] and [26] ).
In Theorems 4.7 and 4.10 we show that definably proper is invariant under elementary extensions and o-minimal expansions of M. In Theorem 4.12 we show that if M is an o-minimal expansion of the ordered set of real numbers, then definably proper corresponds to proper. These invariance and comparison results transfer to the notion of proper morphism in the category of o-minimal spectral spaces.
Behind all our main theorems above are the following two technical results: Theorem 2.12 which show that if M has definable Skolem functions, then Hausdorff definably compact definable spaces are definably normal; Corollary 2.20 which shows a local almost everywhere curve selection for Hausdorff locally definably compact definable spaces. Theorem 2.12 was only known in special cases: it was proved by Berarducci and Otero for definable manifolds in o-minimal expansions of real closed fields ([1, Lemma 10.4 ] -the proof there works as well in o-minimal expansions of ordered groups); it was proved in [15] for definably compact groups in arbitrary ominimal structures. Corollary 2.20 is an extension of the almost everywhere curve selection for closed and bounded definable sets in arbitrary o-minimal structures proved by Peterzil and Steinhorn ([25, Theorem 2.3] ).
2. On definably compact spaces 2.1. Hausdorff definably compact spaces. Here we will show that if M has definable Skolem functions, then Hausdorff definably compact definable spaces are definably normal.
First recall the notion of definable spaces ( [7] ). Definition 2.1. A definable space is a triple (X, (X i , θ i ) i≤k ) where:
ni with the induced topology;
is an open definable subset of θ i (X i ) and the transition maps θ ij :
We call the (X i , θ i )'s the definable charts of X and define the dimension of X by dim X = max{dim θ i (X i ) : i = 1, . . . , k}. If all the θ i (X i )'s are open definable subsets of some M n , we say that X is a definable manifold of dimension n. A definable space X has a topology such that each X i is open and the θ i 's are homeomorphisms: a subset U of X is open for this topology if and only if for each
A map f : X → Y between definable spaces with definable charts (X i , θ i ) i≤k and (Y j , δ j ) j≤l respectively is a definable map if:
• for each i and every j with f (
is a definable map between definable sets.
We say that a definable space is affine if it is definably homeomorphic to a definable set with the induced topology.
The construction above defines the category of definable spaces with definable continuous maps which we denote by Def. All topological notions on definable spaces are relative to the topology above. Note however, that often we will have to replace topological notions on definable spaces by their definable analogue.
We say that a subset A of a definable space X is definable if and only if for each i, θ i (A ∩ X i ) is a definable subset of θ i (X i ). A definable subset A of a definable space X is naturally a definable space and its topology is the induced topology, thus we also call them definable subspaces.
In nonstandard o-minimal structures closed and bounded definable sets are not compact. Thus we have to replace the notion of compactness by a suitable definable analogue.
Let X be a definable space and C ⊆ X a definable subset. By a definable curve in C we mean a continuous definable map α : (a, b) → C ⊆ X, where a < b are in M ∪ {−∞, +∞}. We say that a definable curve α : (a, b) → C ⊆ X in C is completable in C if both limits lim t→a + α(t) and lim t→b − α(t) exist in C, equivalently if there exists a continuous definable map α :
Definition 2.2. Let X be a definable space and C ⊆ X a definable subset. We say that C is definably compact if every definable curve in C is completable in C (see [25] Example 2.5 (Non Hausdorff and non closed definably compact subsets). Let a, b, c, d ∈ M be such that c < b < a < d. Let X be the definable space with definable charts (X i , θ i ) i=1,2 given by: Clearly X is definably compact but not Hausdorff and X 2 is a definably compact subset which is not closed (in X).
It is desirable to work in a situation where definably compact subsets are closed. We will show that this is the case in Hausdorff definable spaces when M has definable Skolem functions.
Before we need to introduce some notations.
Let X be a definable space and let (X i , θ i ) i≤k be the definable charts of X with
For a ∈ X let I a = {i ≤ k : a ∈ X i } and set
Consider the finite set I X = {I ⊆ {1, . . . , k} : I = I a for some a ∈ X}. Then each X I = {x ∈ X : I x = I} with I ∈ I X is a definable subset and X = I∈IX X I . Therefore, {D(a)} a∈X is a uniformly definable family of definable sets, since it is defined by the first-order formula
where for each i ≤ k we set N i = n 1 + · · · + n i and where
The following are immediate:
For a ∈ X and d = d
The following will also be useful:
Finally we will also require:
(D4) If a ∈ X and W is an open definable neighborhood of a then the set {d ∈ D(a) :
If B ⊆ X is a definable subset and ǫ :
is an open definable neighborhood of B in X.
It follows that:
Remark 2.6. The notions of open (resp. closed) in a definable space X are firstorder in the sense that if (A t ) t∈T is a uniformly definable family of definable subsets of X, then the set of all t ∈ T such that A t is an open (resp. a closed) subset of X is a definable set.
Recall that a topological space X is regular if one the following equivalent conditions holds:
(1) for every a ∈ X and S ⊆ X closed such that a ∈ S, there are open disjoint subsets U and V of X such that a ∈ U and S ⊆ V ; (2) for every a ∈ X and W ⊆ X open such that a ∈ W , there is V open subset of X such that a ∈ V and V ⊆ W .
Proposition 2.7. Suppose that M has definable Skolem functions. Let X be a Hausdorff definable space, a ∈ X and K ⊆ X a definably compact subset. Suppose that a ∈ K. Then there is a definable function ǫ :
In particular, if X is a Hausdorff, definably compact definable space, then X is regular.
Proof. First we show the following: Claim 2.8. There are finitely many definably compact subsets K i (i = 1, . . . , l) of K, finitely many continuous definable functions ǫ i :
Proof. We prove the result by induction on dimension of K. If dim K = 0, then this follows because X is Hausdorff. Assume the result holds for every definably compact subset L of X such that a ∈ L and dim L < dim K.
Since X is Hausdorff, for each 
Since, by Remark 2.6, continuity is first-order, the subset of K where either g or h is not continuous is a definable subset. By [7, Chapter 3, (2.11) and Chapter 4, (1.8)] this definable subset has dimension < dim K and, if L is the closure of this subset, then dim L < dim K. By induction hypothesis, there are finitely many definably compact subsets
. Then K ′ is definably compact and both
To finish the proof of the proposition, let ǫ i : K i → M 2N with i = 1, . . . , l and d ∈ D(a) be the finite data given by Claim 2.8.
The following is now immediate:
Corollary 2.9. Suppose that M has definable Skolem functions. Suppose that X is a Hausdorff definable space. If K is definably compact subset of X, then K is a closed definable subset.
We will require the following:
Lemma 2.10. Suppose that M has definable Skolem functions. Let X be a Hausdorff, definably connected, definable space and K ⊆ X a definably compact subset. Let ǫ : K → M 2N be a definable map such that ǫ(x) ∈ D(x) for all x ∈ K and suppose that for each
is a definably compact definable neighborhood of K. In particular we have
Proof. Let α : (a, b) → x∈K U (x, ǫ(x)) be a definable curve. We have show that the limit lim t→b − α(t) exists in x∈K U (x, ǫ(x)).
By definable Skolem functions there is a definable map β : (a, b) → K such that for each t ∈ (a, b) we have
By o-minimality, after shrinking (a, b) if necessary, we may assume that β is a definable curve in K. Since K is definably compact, let w = lim t→b − β(t) ∈ K.
By o-minimality, after shrinking (a, b) if necessary, we may assume that ǫ • β :
is an open definable subset by (D1). It follows from the continuity of ǫ
By hypothesis there is
) and so U (w, ǫ(w)) is a closed and open definable subset of X. Since X is definably connected we would have U (w, ǫ(w)) = X and so v ∈ U (w, ǫ(w)) which is a contradiction.
Since
By Corollary 2.9, x∈K U (x, ǫ(x)) is closed and hence
Recall that a definable space X is definably normal if one of the following equivalent conditions holds:
(1) for every disjoint closed definable subsets Z 1 and Z 2 of X there are disjoint open definable subsets U 1 and
In general regular does not imply definably normal:
Example 2.11 (Regular non definably normal definable space). Assume that M = (M, <) is a dense linearly ordered set with no end points. Let a, b, c, d
Since X is affine it is regular. Note also that the only open definable subsets of X are the intersections with X of definable subsets of M 2 which are finite unions of non empty finite intersections Theorem 2.12. Suppose that M has definable Skolem functions. If X is a Hausdorff, definably compact definable space, then X is definably normal. In fact, if
Proof. Clearly we may assume that X is definably connected. Since X is regular, for each
By definable Skolem functions again there is a definable map
such that, for all x ∈ K:
is an open definable neighborhood of K such that, by Lemma 2.10,
is definably compact and U (K, ǫ) ⊆ V.
Let X be a definable space. We say that:
• X is locally definably compact if for every x ∈ X and every open definable 
n is a definable subset which is not closed, then there is a definable set E ⊆ C \ C such that dim E < dim(C \ C) and for every x ∈ C \ (C ∪E) there is a definable curve in C which has x as a limit point.
However, this result does not hold for general definable spaces, even affine ones, even if M has definable Skolem functions: Example 2.16. Let M be a sufficiently saturated elementary extension of the ordered vector space (R, <, 0, 1, +, (q) q∈Q ) of real numbers over Q. Then M has definable Skolem functions ([7, Chapter 6, (1.2)]). Let τ ∈ M be such that 0 < τ < q·1 for all q ∈ Q >0 and take
We say that the almost everywhere curve selection hold for a definable space X if for every definable subset C ⊆ X which is not closed, there is a definable set E ⊆ C \ C such that dim E < dim(C \ C) and for every x ∈ C \ (C ∪ E) there is a definable curve in C which has x as a limit point.
Lemma 2.17. Suppose that X is a definable space and that the almost everywhere curve selection hold for X. Then the almost everywhere curve selection holds for every locally closed definable subset of X.
Proof. Let Z be a closed definable subset of X and let C ⊆ Z be a definable subset which is not closed in Z. Since C is not closed in X and C ⊆ Z is the closure of C in Z, the result follows easily in this case for Z.
Let U be an open definable subset of X and let C ⊆ U be a definable subset which is not closed in U . First note that C ∩ U is the closure of C in U. Thus since C is not closed in X, by hypothesis, there is a definable F ⊆ C \ C such that dim F < dim(C \ C) and for every x ∈ C \ (C ∪ F ) there is a definable curve in C which has x as a limit point. Let E = F ∩ U . Then E ⊆ C ∩ U \ C = (C \ C) ∩ U , and for every x ∈ (C ∩ U ) \ (C ∪ E) there is a definable curve in C which has x as a limit point. Since E (resp.
For a general locally closed definable subset Z ∩ U of X, where Z is a closed definable subset and U is an open definable subset, the result follows from the two previous cases.
Lemma 2.18. Suppose that X is a definable space and V and W are open definable subsets such that V ∪ W = X and almost everywhere curve selection holds for V and W . Then almost everywhere curve selection holds for X.
Proof. Let C ⊆ X = V ∪ W be a definable subset which is not closed. Let
If C V is not closed in V , by the hypothesis, there is a definable set
there is a definable curve in C V which has x as a limit point. Similarly, if C W is not closed in W , there is a definable set
there is a definable curve in C W which has x as a limit point. Let E V be F V if it exists and let it be ∅ otherwise. Similarly, let E W be F W if it exists and let it be ∅ otherwise. Let
there is a definable curve in C which has x as a limit point. (1) If Z is a locally closed definable subset of a definable manifold, then almost everywhere curve selection holds for Z. (2) If Z is a locally closed definable subset of a definably normal, definably compact definable space, then almost everywhere curve selection holds for Z.
Proof.
(1) By Lemma 2.17 it is enough to show that if X is a definable manifold, then almost everywhere curve selection holds for X.
Consider the definable charts (
Since each φ i is a definable homeomorphism, and each φ i (U i ) is an open definable subset of M n , by Fact 2.15 and Lemma 2.17, each φ i (U i ) and so each U i has almost everywhere curve selection. Now we prove the result for X by induction on k. The case k = 1 is done. Suppose now that the result holds for definable manifolds with less or equal than l definable charts and k = l + 1. Let V = l i=1 U i , W = U k and φ = φ k . Then by the induction hypothesis the almost everywhere curve selection holds on the open definable submanifolds V and W of X. Since X = V ∪ W , the result follows by Lemma 2.18.
(2) By Lemma 2.17 it is enough to show that if X is a Hausdorff, definably compact definable space, then almost everywhere curve selection holds for X.
Since each C i is definably compact and each φ i is a definable homeomorphism, we have that each φ i (C i ) is a closed (and bounded) definable subset of M ni and so by Fact 2.15 and Lemma 2.17, each φ i (C i ) and so each C i has almost everywhere curve selection. So by Lemma 2.17, each V i has almost everywhere curve selection. Now as above we conclude by induction of k that X has almost everywhere curve selection.
By Theorem 2.19 we see that almost everywhere curve selection holds only in very special definable spaces. Despite of this we are lucky since later we only need to use almost everywhere curve selection locally: Corollary 2.20 (Local almost everywhere curve selection). Suppose that M as definable Skolem functions. Let X be a Hausdorff and locally definably compact space. If C ⊆ X is a definable subset which is not closed, then for every z ∈ C \ C there is a definable open neighborhood V of z in X such that V is definably compact and there is a definable set E ⊆ (C \C)∩V such that dim E < dim((C ∩V )\(C ∩V )) and for every x ∈ (C ∩ V ) \ ((C ∩ V ) ∪ E) there is a definable curve in C ∩ V which has x as a limit point.
Proof. Use Remark 2.13 to get V and since V is definably normal (Theorem 2.12), the result follows at once from Theorem 2.19.
We finish this subsection with the characterization definable compactness in terms of definable types (Theorem 2.23 below).
Let X be a definable space. A type on X is an ultrafilter α of definable subsets of X. A type α on X is a definable type on X if for every uniformly definable family {F t } t∈T of definable subsets of X, with T ⊆ M n for some n, there is a definable subset T (α) ⊆ T such that F t ∈ α if and only if t ∈ T (α).
If α is a type on X and x ∈ X, we say that x is a limit of α, if for every open definable subset U of X such that x ∈ U we have U ∈ α.
The following was observed in [22, Remark 2.7.6] in the affine case but the same proof works.
Lemma 2.21. Let X be a definable space, Z ⊆ X a definable subset and a ∈ X. If a ∈ Z (the closure of Z in X), then there is a definable type α on Z such that a is a limit of α.
Proof. Consider the definable set D(a) with the relation (a definable downwards directed order). By [21, Lemma 4.14] there is a definable type β on D(a) such that for every d ∈ D(a) we have {d
Let α = h(β) be the type on Z determined by the collection of definable subsets {A ⊆ Z : h −1 (A) ∈ β}. Clearly, α is a definable type on Z and a is a limit of α.
For affine definable spaces existence of limits of definable types gives another criteria for definable compactness (see the observation after [22, Remark 2.7.6]): Fact 2.22. Suppose that M has definable Skolem functions. Let X ⊆ M n be a definable set. Then X is closed and bounded (and so definably compact) if and only if every definable type on X has a limit in X.
We can use the shrinking lemma to extend this result to non affine Hausdorff definable spaces: Theorem 2.23. Suppose that M has definable Skolem functions. Let X be a Hausdorff definable space. Then the following are equivalent:
(1) X is definably compact.
(2) Every definable type on X has a limit in X.
Proof. Assume (1). By Theorem 2.12, X is definably normal. Let (X i , θ i ) i≤k be the definable charts of X with θ i (X i
ni is a definable homeomorphism, θ i (C i ) is definably compact. So by Fact 2.22, β has a limit b ∈ θ i (C i ). Let c ∈ C i be such that θ i (c) = b. Then c is a limit of α in X.
Assume (2). Let α : (a, b) → X be a definable curve. Then the collection of definable subsets {α([t, b)) : t ∈ (a, b)} of X determines a definable type which by hypothesis, has a limit a in X. This a ∈ X is also the limit lim t→b − α(t).
3.
Proper morphisms in Def 3.1. Preliminaries. Here we recall some preliminary notions for the category Def whose objects are definable spaces and whose morphism are continuous definable maps between definable spaces.
Let f : X → Y be a morphism in Def. We say that:
• f : X → Y is closed in Def (i.e., definably closed) if for every object A of Def such that A is a closed subset of X, its image f (A) is a closed (definable) subset of Y. 
where the morphisms p X and p Y are known as projections. The Cartesian square satisfies the following universal property: for any other object Q of Def and morphisms q X : Q → X and q Y : Q → Y of Def for which the following diagram commutes, Q
there exist a unique natural morphism u : Q → X × Z Y (called mediating morphism) making the whole diagram commute. As with all universal constructions, the cartesian square is unique up to a definable homeomorphism.
Proof. The usual fiber product X × Z Y = { x, y ∈ X × Y : f (x) = g(y)} (a closed definable subspace of the definable space X × Y ) together with the restrictions p X : X × Z Y → X and p Y : X × Z Y → Y of the usual projections determine a cartesian square in the category Def.
Given a morphism f : X → Y in Def, the corresponding diagonal morphism is the unique morphism ∆ : X → X × Y X in Def given by the universal property of cartesian squares:
We say that:
• f : X → Y is separated in Def if the corresponding diagonal morphism ∆ : X → X × Y X is a closed immersion.
We say that an object Z in Def is separated in Def if the morphism Z → {pt} to a point is separated.
Remark 3.2. Since in the above diagram we have p X • ∆ = p Y • ∆ = id X , it is clear that the following are equivalent:
The image of the corresponding diagonal morphism ∆ :
Let f : X → Y be morphisms in Def and Z an object of Def. We say that:
of morphisms in Def. Let f : X → Y be a morphism over Z and Z ′ → Z let be a morphism in Def. Then
• Z ′ → Z is called a base extension and the induced morphism
Let f : X → Y be a morphism in Def. We say that: 
Def, then f is separated in Def. 
(ii) if g is separated in Def and f is surjective, then g proper in Def. 
Proof. By Proposition 3.6 it is enough to show the result with "proper in Def" replaced with "universally closed in Def".
(1) Let X → Y be a closed immersion and let
(2) Let X → Y and Y → Z be morphisms proper in Def and let
, the result follows from the fact that the composition of morphisms closed in Def is closed in Def.
(3) Let X → Y be a morphism proper in Def and let S ′ → S be a base extension in Def. Since
Hence, since X × Y Z → Z is closed in Def by hypothesis, the result follows.
So the result follows from (1) and (3). (5) Let X → Y and Y → Z be morphisms in Def such that the composition 
is a finite cover of X (resp. Y ′ ) by open definable subsets and {f (1) Z is a closed (definable) subset of X.
From Proposition 3.7 we also obtain in a standard way the following:
Corollary 3.9. Let B be a full a subcategory of the category of definable spaces Def whose set of objects is:
• closed under taking locally closed definable subspaces of objects of B,
• closed under taking cartesian products of objects of B.
Then the following are equivalent:
(1) Every object X of B is completable in B i.e., there exists an object X ′ of B which is complete in Def together with an open immersion i :
(2) Every morphism f : X → Y in B is completable in B i..e, there exists a commutative diagram
of morphisms in B such that ι is a open immersion with ι(X) dense in P and f a proper in Def.
Proof. Assume (1). Let
is a completion of X in B (by Proposition 3.7 (1) and (5)), and the restriction of the projection
Assume (2) . Let h : X → Y be a morphism in B. Then there exists a commutative diagram
which is a definable homeomorphism. Then we have a commutative diagram
of morphisms in B such that ι = i : X → P is a definable open immersion with ι(X) dense in P and h is proper in Def (since h ′ : X ′ → Y ′ is proper in Def by Corollary 3.8 (2)) as required in (3).
Assume (3). Let X an object of B. Take h : X → {pt} to be the morphism in B to a point. Applying (3) to this morphism we obtain (1).
Definably proper maps.
Here we recall the definition of definably proper map between definable spaces and prove its main properties. A special case of this theory appears in [7, Chapter 6, Section 4] 
From the definitions we see that:
Remark 3.11. A definable space X is definably compact if and only if the map X → {pt} to a point is definably proper.
Typical examples of definably proper continuous definable maps are: (i) f : X → Y where X is a definably compact definable space and Y is any definable space; (ii) the projection X × Y → Y where X is a definably compact definable space and Y is any definable space; (iii) closed definable immersions.
With our assumptions, the following is proved just like in the affine case in ominimal expansions of ordered groups treated in [7, Chapter 6, Lemma (4.5)]: Theorem 3.12. Let f : X → Y be a continuous definable map. Suppose that every definably compact subset of Y is a closed subset (e.g. M has definable Skolem functions and Y is Hausdorff ). Then the following are equivalent:
(1) f is definably proper.
(2) For every definable curve α : (a, b) → X and every continuous definable
there is at least one continuous definable map [a, b] → X making the whole diagram commutative.
Proof. Assume (1). Let α : (a, b) → X be a definable curve in X such that f • α is completable in Y , say lim t→b − f • α(t) = y ∈ Y . Take c ∈ (a, b) and set K = {f (α(t)) : t ∈ [c, b)} ∪ {y} ⊆ Y. Then K is a definably compact definable subset of Y and so, f −1 (K) is a definably compact definable subset of X containing α ((c, b) ). Thus α must be completable in f −1 (K), hence in X. Assume (2) . Suppose that f is not definably proper. Then there is a definably compact definable subset K of Y such that f −1 (K) is not a definably compact definable subset of X. Thus there is a definable curve α : (a,
By Theorem 3.12 we have the following which summarizes the most useful properties of definably proper maps.
Corollary 3.13. Let A be a full subcategory of Def such that every definably compact subset of an object of A is a closed subset. Suppose that the set of objects of A is:
• closed under taking locally closed definable subsets of objects of A;
• is closed under taking cartesian products of objects of A.
In the category A the following hold:
(1) Closed immersions are definably proper. 
where f : X → Y is a definable closed immersion and we assume we have α such that α exists. We must show that γ ′ exists. Since the inclusion f (X) ⊆ Y is closed and we have f • α such that α exists, γ exists. So, since f : X → f (X) is a definable homeomorphism, we let γ
(2) Consider the commutative diagram:
where we assume we have α such that α exists. We must show that γ ′ exists. Since g : Y → Z is definably proper and we have f • α such that α exists, by Theorem 3.12 γ exists. Since f : X → Y is definably proper and we have α such that γ exists, by Theorem 3.12 γ ′ exists. (3) Since the base extension morphism is a special case of the product morphism, the result follows from (4) below.
(4) Consider the commutative diagram:
x xZ where we assume we have α such that α exists. We must show that 
where we assume we have α such that α exists. We must show that γ ′ exists. Since g • f : X → Y is definably proper and we have α such that g • α exists, by Theorem 3.12, γ ′ exists. (ii) Consider the commutative diagram:
where we assume we have α such that α exists. We must show that γ ′ exists. Since f is surjective, by definable Skolem function let β be such that α = f • β. Since g • f : X → Y is definably proper and we have β such that α exists, by Theorem 3.12, γ exists. Now take γ ′ = f • γ. 
Without loss of generality it is enough to show that lim t→b − α(t) exists in X. Let z = lim t→b − f • α(t) ∈ Y and let i be such that z ∈ V i . By continuity, let c ∈ (a, b)
and so lim t→b − α(t) exists in X as required.
From Corollary 3.13 we obtain as in Corollary 3.9 the following analogue for definably proper. In the case of o-minimal expansions of real closed fields this can be read off from [7, Chapter 10, (2.6) and (2.7)].
Corollary 3.14. Let B be a full subcategory of Def. Suppose that the set of objects of B is:
• closed under taking locally closed definable subspaces of objects of B;
• is closed under taking cartesian products of objects of B.
(1) Every object X of B is definably completable in B i.e., there exists a definably compact space X ′ in B together with a definable open immersion
(2) Every morphism f : X → Y in B is definably completable in B i.e., there exists a commutative diagram
i.e., there exists a commutative diagram
of morphisms in B such that ι is a definable open immersion with ι(X) dense in P and f is definably proper.
If B = Def we don't mention B and we talk of definably completable, definable completion and definable proper extension.
3.4.
Definably proper and proper in Def. Here we will show that a definably proper map between Hausdorff locally definably compact definable spaces is the same a morphism proper in Def. We also prove the definable analogue of the topological characterization of the notion of proper continuous maps (as closed maps with compact and Hausdorff fibers) and a definable types criterion for definably proper. replacing (a, b) by a smaller subinterval we may assume that lim t→a + β(t) exists in Z, so β is completable in Z. By definable Skolem functions, after replacing (a, b) by a smaller subinterval, there exists a definable curve γ : (a, b) → X in X such that for every t ∈ (a, b) we have γ(t), β(t) ∈ A. Since f • γ = g • β and β is completable in Z, g • β is completable in Y . Thus by (2) and Theorem 3.12, γ is completable in X and lim t→b − γ(t) exists in X, call it x.
Corollary 3.16. Suppose that M has definable Skolem functions. Let X be a Hausdorff and locally definably compact definable space. Then the following are equivalent:
(2) X is complete in Def.
The following is the definable analogue of the topological characterization of the notion of proper continuous maps (as closed maps with compact and Hausdorff fibers). A similar result appears in the semi-algebraic case ([6, Theorem 12.5]): Theorem 3.17. Suppose that M has definable Skolem functions. Let X and Y be Hausdorff, locally definably compact definable spaces. Let f : X → Y be a continuous definable map. Then the following are equivalent:
(2) f is definably closed and has definably compact fibers.
Proof. Assume (1). Then f : X → Y has definably compact fibers and, by Theorem 3.15, f is definably closed.
Assume (2) . Let K be a definably compact definable subset of Y . Let α :
Suppose that lim t→b − α(t) does not exist in f −1 (K). Then this limit does not exist in X as well since f −1 (K) is a closed definable subset of X (by Corollary 2.9, K is closed). Therefore, if
is a finite union of points and intervals, it follows that there is
We also have the following definable types criterion for definably proper:
Theorem 3.18. Suppose that M has definable Skolem functions. Let X and Y be Hausdorff, locally definably compact definable spaces. Let f : X → Y be a continuous definable map. Then the following are equivalent:
(2) For every definable type α on X, if f (α) has a limit in Y , then α has a limit in X.
Proof. Assume (1). Let α be a definable type on X such that f (α) has a limit in Y , say lim f (α) = y ∈ Y . Since Y is locally definable compact, there is a definable open neighborhood V of y in Y such that V is definably compact (Remark 2.13). So, f −1 (V ) is a definably compact definable subset of X and α is a definable type on f −1 (V ). But then by Theorem 2.23 α has a limit in f −1 (V ), hence in X. Assume (2) . Suppose that f is not definably proper. Then there is a definably compact definable subset K of Y such that f −1 (K) is not a definably compact definable subset of X. Thus by Theorem 2.23 there is a definable type α on f −1 (K) which does not have a limit in f −1 (K). Since f −1 (K) is closed (by Corollary 2.9, K is closed), α does not have a limit in X. But f (α) is a definable type on K ⊆ Y and has a limit by Theorem 2.23, which contradicts (2).
Invariance and comparison results

Definably proper in elementary extensions.
Here S is an elementary extension of M and we consider the functor Def → Def(S) from the category of definable spaces and continuous definable maps to the category of S-definable spaces and continuous S-definable maps. This functor sends a definable space X to the S-definable space X(S) and sends a continuous definable map f : X → Y to the continuous S-definable map f S : X(S) → Y (S). We show that: (i) proper in Def is the same as proper in Def(S); (ii) if M has definable Skolem functions, then for Hausdorff definable spaces definably proper is the same as S-definably proper.
The following is easy and well known: Since functor Def → Def(S) is a monomorphism from the boolean algebra of definable subsets of a definable space X and the boolean algebra of S-definable subsets of X(S) and it commutes with:
• the interior and closure operations;
• the image and inverse image under (continuous) definable maps;
we have: (1) f is closed in Def (i.e. definably closed).
Proof. Assume (1). Let A ⊆ X(S) be a closed S-definable subset and suppose that f S (A) is not a closed subset of Y (S). Then there is a uniformly definable family {A t : t ∈ T } of definable subsets of X such that A = A s (S) for some s ∈ T (S). Since the property on t saying that A t is closed is first-order, after replacing T by a definable subset we may assume that for all t ∈ T , A t is a closed definable subset of X. We also have that {f (A t ) : t ∈ T } is a uniformly definably family of definable subsets of Y such that f S (A) = f S (A s (S)). Let E be the definable subset of T of all t such that f (A t ) is not closed. Since s ∈ E(S), we have E = ∅ which is a contradiction since by assumption, for every t ∈ T , f (A t ) is a closed definable subset of Y .
Assume (2) . Let A ⊆ X be a closed definable subset. Then A(S) ⊆ X(S) is a closed S-definable subset and by assumption, f (A)(S) = f S (A(S)) is a closed S-definable subset of Y (S). So f (A) is a closed definable subset of Y .
Since functor Def → Def(S) sends open (resp. closed) definable immersion to open (resp. closed) S-definable immersion and sends cartesian squares in Def to cartesian squares in Def(S) we have, using Lemma 4.2:
and β s = β. Since the property of t saying that the corresponding maps form a commutative diagram as the one above is first-order, and saying that there is no continuous definable map α t : [c, d] → X making the corresponding whole diagram commutative is equivalent to saying that there are no x 1,t , x 2,t ∈ X such that lim u→c + α t (u) = x 1,t and lim u→d − α t (u) = x 2,t which is also first-order, after replacing T with a definable subset that contains s in S, we obtain a uniformly definable family of commutative diagrams of continuous definable maps
indexed by a definable set T such that for some parameter s ∈ T (S) if we put t = s we obtain the original diagram in S. This contradicts (1), since we will have T = ∅. Assume (2) and suppose that there are α : (a, b) → X a definable curve and β : [a, b] → Y a continuous definable map which make a commutative diagram
and there is no continuous definable maps [a, b] → X making the whole diagram commutative. Then going to S we obtain a commutative diagram of continuous S-definable maps (a, b)(S)
Since γ |(a,b)(S) = α S , γ(a) = lim u→a + α S (u) and γ(b) = lim u→b − α S (u), γ is in fact S-definable with parameters in M. So there is a continuous definable map α : [a, b] → X such that α S = γ which contradicts the assumption.
In particular we have:
Corollary 4.6. Suppose that M has definable Skolem functions. Let X be a Hausdorff definable space. Then the following are equivalent:
(1) X is definably compact. from the category of definable spaces and continuous definable maps to the category of S-definable spaces and continuous S-definable maps. This functor sends a definable space X to the S-definable space X and sends a continuous definable map f : X → Y to the continuous S-definable map f : X → Y . We show that if M has definable Skolem functions, then for Hausdorff locally definably compact definable spaces definably proper is the same as S-definably proper and proper in Def is the same as proper in Def(S). Proof. By the (observations before the) proof of [7, Chapter 6, (1,2)] (see also Comment (1.3) there), S has definable Skolem functions if and only if for every S-definable subset X ⊆ M defined with parameters in a 1 , . . . , a l one can pick an S-definable element e(X) ∈ X defined with parameters in a 1 , . . . , a l . But, by the definition of o-minimality, the S-definable subsets X ⊆ M are the same as the definable subsets X ⊆ M which are the same as the (M, <)-definable subsets X ⊆ M.
The shrinking lemma gives the following: Proposition 4.9. Suppose that M has definable Skolem functions. Let X be a Hausdorff definable space. Then the following are equivalent:
(2) X is S-definably compact.
Proof. Assume (1). By Theorem 2.12, X is definably normal. Let (X i , φ i ) i≤l be the definable charts of X. By the shrinking lemma, there are open definable subsets V i (1 ≤ i ≤ l) and closed definable subsets C i (1 ≤ i ≤ l) such that V i ⊆ C i ⊆ X i and X = ∪{C i : i = 1, . . . , l}. Fix i. Then C i is a definably compact definable subset of X because X is definably compact and C i is closed in X. So φ i (C i ) is also a definably compact definable subset of M ni , and therefore, by [25, Theorem 2.1], φ i (C i ) is a closed and bounded definable subset of M ni . In particular, since "closed" and "bounded" are preserved under going to S, φ i (C i ) is a closed and bounded S-definable subset of M ni and therefore, by [25, 
